Truncated Dyson-Schwinger equations represent finite subsets of the equations of motion for Green's functions. Solutions to these non-linear integral equations can account for non-perturbative correlations. A closed set of coupled Dyson-Schwinger equations for the propagators of gluons and ghosts in Landau gauge QCD is obtained by neglecting all contributions from irreducible 4-point correlations and by implementing the Slavnov-Taylor identities for the 3-point vertex functions. We solve this coupled set in an one-dimensional approximation which allows for an analytic infrared expansion necessary to obtain numerically stable results. This technique, which was also used in our previous solution of the gluon Dyson-Schwinger equation in the Mandelstam approximation, is here extended to solve the coupled set of integral equations for the propagators of gluons and ghosts simultaneously. In particular, the gluon propagator is shown to vanish for small spacelike momenta whereas the previoulsy neglected ghost propagator is found to be enhanced in the infrared. The running coupling of the non-perturbative subtraction scheme approaches an infrared stable fixed point at a critical value of the coupling, α c ≃ 9.5.
LONG WRITE-UP
1 The physical problem
Introduction
The infrared regime of non-Abelian gauge theories is inaccessible to perturbation theory. Confinement, being a long-distance effect, is expected to manifest itself in the infrared behavior of the Green's functions of the theory. Thus, in solving truncated sets of Dyson-Schwinger equations (DSEs) in order to determine the propagators self-consistently, infrared singularities have to be anticipated. This implies some special precautions in the numerical problem.
In this paper we present the numerical solution of the coupled gluon and ghost DSEs in which the infrared behavior of the corresponding propagators is determined analytically. In particular, asymptotic series for their infrared structure are calculated recursively prior to the iterative process. The DSEs being nonlinear integral equations these series represent a systematic formulation of the consistency requirements in the extreme infrared on possible solutions. The method of simultaneously expanding the solutions to a coupled set of equations generalizes the one used in Ref. [1] where only the gluon propagator was considered in an approximation in which ghost contributions are omitted [2] [3] [4] . This paper is organized as follows: In the next subsection we summarize the truncation scheme used in order to arrive at a closed system of equations. In the following subsection the reduction to one-dimensional integral equations is presented. For completeness we give also the most important steps of the renormalization procedure. In section two the numerical method is discussed with special emphasis on the semi-analytic solutions in the infrared as well as in the ultraviolet. The numerical method based on iteration for intermediate momenta and matching to analytic expressions for small and large momenta is explained. Numerical results are presented and some implications of their infrared behavior are discussed. For more details in the derivation of the truncation scheme and for a further discussion of the physical implications of the results we refer the reader to Refs. [5, 6] .
A solvable truncation scheme
In order to keep this paper self-contained we first summarize the trunctation scheme used to arrive at a closed system of equations [5] .
For simplicity we consider the pure gauge theory and neglect all quark contributions. In addition to the elementary two-point functions, the ghost and gluon propagators, the Dyson-Schwinger equation for the gluon propagator also involves the three-and four-point vertex functions which obey their own Dyson-Schwinger equations. These equations involve successive higher n-point functions. The used truncation of the gluon equation includes to neglect all terms with four-gluon vertices. These are the momentum independent tadpole term, an irrelevant constant which vanishes perturbatively in Landau gauge, and explicit two-loop contributions to the gluon DSE. The renormalized equation for the inverse gluon propagator in Euclidean momentum space with positive definite metric, g µν = δ µν , (color indices suppressed) is then given by (1) where p = k + q, D tl and Γ tl are the tree-level propagator and three-gluon vertex, D G is the ghost propagator and Γ and G are the fully dressed 3-point vertex functions. The DSE for the ghost propagator in Landau gauge QCD, without any truncations, is given by
The coupled set of equations for the gluon and ghost propagator, eqs. (1) and (2) , is graphically depicted in Fig. 1 . The renormalized propagators for ghosts and gluons, D G and D, and the renormalized coupling g are defined from the respective bare quantities by introducing multiplicative renormalization constants,
In Landau gauge, which we adopt in the following, one has
3 . The SU(N c = 3) structure constants f abc of the gauge group (and the coupling g) are separated from the 3-point vertex functions by defining:
The arguments of the 3-gluon vertex denote the three incoming gluon momenta according to its Lorentz indices (counter clockwise starting from the dot). With this definition, the tree-level vertex has the form,
The arguments of the ghost-gluon vertex are the outgoing and incoming ghost momenta respectively,
Note that the color structure of all three loop diagrams in Fig. 1 is simply given by f acd f bdc = −N c δ ab which was used in Eqs.
(1) and (2) suppressing the trivial color structure of the propagators ∼ δ ab .
The ghost and gluon propagators in Landau gauge are parameterized by their respective renormalization functions G and Z,
In order to obtain a closed set of equations for the functions G and Z the ghostgluon and the 3-gluon vertex functions have to be specified. We construct these vertex functions from their respective Slavnov-Taylor identities (STIs) as entailed by the Becchi-Rouet-Stora (BRS) symmetry. In particular, in Ref. [5] we derive the STI of the gluon-ghost vertex from BRS invariance. Neglecting irreducible ghost rescattering, an assumption fully compatible with the present truncation scheme, this new identity together with the symmetry properties of the vertex constrain the full structure of the gluon-ghost vertex which expressed in terms of the ghost renormalization function reads [5] :
At the same time, this gluon-ghost vertex implies a rather simple form for a ghost-gluon scattering kernel of tree-level structure which in turn allows for a straightforward resolution of the STI for the 3-gluon vertex [5] . Neglecting some unconstrained terms which are transverse with respect to all three gluon momenta the solution for the 3-gluon vertex follows from the general constructions in Refs. [7] [8] [9] . As a result, the 3-gluon vertex can again be expressed in terms of the gluon and ghost renormalization functions [5] :
This establishes a closed system of equations for the renormalization functions G(k 2 ) and Z(k 2 ) of ghosts and gluons, which consists of their respective DSEs (1) and (2) using the vertex functions (9) and (10/11). Thereby explicit 4-gluon vertices (in the gluon DSE (1)) as well as irreducible 4-ghost correlations (in the identity for the ghost-gluon vertex) and non-trivial contributions from the ghost-gluon scattering kernel (to the Slavnov-Taylor identity for the 3-gluon vertex) were neglected. Since, at present, we do not attempt to solve this system in its full 4-dimensional form (but in a one-dimensional approximation), we refer the reader to Ref. [5] for its explicit form.
The modified angle approximation
In this section, illustrated at the example of the less complex ghost DSE, we present the approximation used to render the integral equations one-dimensional. This especially allows for a thorough discussion of their infrared and ultraviolet asymptotic behavior, which is a necessary prerequisite to stable numerical results. The leading order of the integrands in the infrared limit of integration momenta is hereby preserved. Furthermore, the correct short distance behavior of the solutions (obtained at high integration momenta) is also unaffected. From (2) with the vertex (9) we obtain the following equation for the ghost renormalization function G(k 2 ),
where
2 is the transversal projector. In order to perform the integration over the 4-dimensional angular variables analytically, we make the following approximation:
For q 2 > k 2 we assume that the functions Z and G are slowly varying with their arguments and that we are thus allowed to replace
. This assumption ensures the correct leading ultraviolet behavior of the equation according to the resummed perturbative result at one-loop level [5] . For all momenta being large, i.e. in the perturbative limit, this approximation is well justified by the slow logarithmic momentum dependence of the perturbative renormalization functions for ghosts and gluons. Our solutions will resemble this behavior, justifying the validity of the approximation in this limit. Note that previously this same assumption was used for arbitrary integration momenta q 2 in the derivation of the one-dimensional equation for the gluon renormalization function in Mandelstam approximation [1] [2] [3] [4] . In this case, in particular for small q 2 < k 2 , the infrared enhanced solution tends to invalidate this assumption. For q 2 < k 2 we therefore proceed with an angle approximation instead, which preserves the limit q 2 → 0 of the integrands replacing the arguments of the functions Z and G according to
. In this form, the one-dimensional approximation was used in a very recent investigation of the coupled system of ghost and gluon DSEs using only tree-level vertices [10] . However, using this approximation for arbitrary q 2 (in particular also for q 2 > k 2 as in Ref. [10] ) one does not recover the renormalization group improved one-loop results for asymptotically large momenta.
We therefore use that particular version of the two different one-dimensional approximations that is appropriate for the respective cases, q 2 ≶ k 2 . In this modified angle approximation, we obtain from (12) upon angular integration,
where we introduced an O(4)-invariant momentum cutoff Λ to account for the logarithmic ultraviolet divergence, which will have to be absorbed by the renormalization constant.
It has several advantages (summarized in Ref. [5] ) to use the projector
in the gluon DSE to isolate a scalar equation for Z(k 2 ) from Eq. (1). With the same one-dimensional reduction as used for the ghost DSE we obtain
In the derivation of Eq. (15), however, we omitted one contribution from the 3-gluon loop for q 2 < k 2 , namely the following term:
Due to the singularity in N(p 2 , q 2 ; k 2 ) for p 2 → q 2 which has to be cancelled from the terms in brackets, this contribution would generate an artificial singularity if the angle approximation was applied. We will assess the influence of this term below in order to justify its omission.
The only difference in the 3-gluon loop as obtained here versus the Mandelstam approximation (see [1] ) is that the gluon renormalization function Z is replaced by the product ZG. The system of equations (13) and (15) is a direct extension to the gluon DSE in the Mandelstam approximation [1] . Thus, the methods developed for solving the Mandelstam equation have to be generalized to solve the coupled Eqs. (13) and (15).
It will furthermore become clear shortly that the leading infrared behavior of the solutions is unaffected by the additional manipulation to the 3-gluon loop. This was also confirmed in Ref. [10] where the same qualitative behavior of the solutions in the infrared was obtained neglecting the 3-gluon loop completely.
With the Ansatz that for x := k 2 → 0 the product Z(x)G(x) → cx κ , the ghost DSE (13) with N c = 3 yields,
Furthermore, in order to obtain a positive definite function G(x) for positive x from a positive definite Z(x), as x → 0, we find the necessary condition 1/κ − 1/2 > 0 which is equivalent to
The special case κ = 0 leads to a logarithmic singularity in Eq. (13) for x → 0. In particular, assuming that ZG = c with some constant c > 0 and x < x 0 for a sufficiently small x 0 , we obtain
2 ) ln(x/x 0 ) + const and thus G(x) → 0 − for x → 0, showing that no positive definite solution can be found in this case either.
It is important to note that the ghost-loop gives infrared singular contributions ∼ x −2κ to the gluon equation (15) while the 3-gluon loop yields terms proportional to x κ as x → 0, which are thus subleading contributions to the gluon equation in the infrared. With Eq. (18) the leading asymptotic behavior of Eq. (15) for x → 0 leads to
Consistency between (19) and (21) requires that 3 2
Using the constraint (20) in addition, the solution is given uniquely by
From these considerations alone we can conclude that the leading behavior of the gluon and ghost renormalization functions and thus their propagators in the infrared is entirely due to ghost contributions. The details of the treatment of the 3-gluon loop have no influence on the above considerations. This is in remarkable contrast to the Mandelstam approximation, in which the 3-gluon loop alone determines the infrared behavior of the gluon propagator and the running coupling in Landau gauge [1] [2] [3] [4] . On the other hand, the present picture is confirmed by the ghost-loop only approximation to the coupled gluon and ghost DSEs which yields the same qualitative infrared behavior as investigated in Ref. [10] . The quantitative discrepancy in their numerical value for the exponent κ ≃ 0.77 can be attributed to their using of tree-level vertices as compared to the STI improvements used here. In contrast to the infrared, however, the 3-gluon loop is crucial for the correct anomalous dimensions which determine the leading behavior of the propagators in the ultraviolet.
Renormalization
In Landau gauge the renormalization constants (as introduced in Eq. (3)) obey the identity [11] :
The Slavnov-Taylor identity for the ghost-gluon vertex ensures that this remains valid also in general covariant gauges as long as irreducible 4-ghost correlations are neglected [5] . In the following we will exploit the implication of Eq. (24), namely that the product
is renormalization group invariant. Near the ultraviolet fixed point this invariant is identified with the running coupling. Non-perturbatively, though there is no unique (scheme independent) way of defining a running coupling, invariance under arbitrary renormalization group transformations (g, µ)
This being one of the conditions that fix the non-perturbative subtraction scheme, it yields a physically sensible definition of a non-perturbative running coupling in pure Landau gauge QCD [5] . Note that this identification of the non-perturbative running coupling is an extension to the procedure we used in the Mandelstam approximation [1] . In this approximation without ghosts the identity Z g Z 3 = 1 implies that gZ(k 2 ) is the corresponding renormalization group invariant product which is replaced by g 2 ZG 2 in presence of ghosts.
The one-dimensional DSEs (13) and (15) can actually be cast in an explicitly scale independent form using the following Ansatz to parameterize the functions G and Z motivated from their one-loop scaling behavior:
where σ is some currently unfixed renormalization group invariant scale parameter and δ = 9/44. From the definition of the running coupling (25) we find thatḡ
We fix the constant of proportionality for later convenience by setting (with β 0 = 11N c /(48π 2 ) for N f = 0 quark flavors),
The fact that from the resulting equations besides the running coupling F (x) also the second function R(x) turns out to be independent on the renormalization scale s shows that the solutions to the renormlized DSEs for ghosts and gluons formally obey one-loop scaling at all scales [5] . The non-perturvative nature of the result thus is entirely contained in the running coupling.
As the infrared behavior of the solutions G and Z, Eqs. (18) and (19) respectively, can be extracted without actually solving the DSEs, we find for the running coupling accordingly,
With Eq. (23) for κ we obtain g 2 c ≃ 119.1 which corresponds to a critical coupling α c = g 2 c /(4π) ≃ 9.48. This is in clear contrast to the running coupling obtained in the Mandelstam approximation [1] . The dynamical inclusion of ghosts changes the infrared singular coupling of the Mandelstam approximation to an infrared finite one implying the existence of an infrared stable fixed point.
With the parameterization (26) and setting k 2 = µ 2 (⇔ x = s) with β 0 g 2 = F (s) we obtain equations for the renormalization constants Z 3 and Z 3 . For the latter, this can immediately be used to eliminate Z 3 from the ghost DSE which then reads [5] ,
The gluon DSE (15) for x = s contains the additional renormalization constant of the 3-gluon vertex Z 1 which is a divergent quantity in perturbation theory since in Landau gauge
. It turns out that the corresponding (one-loop) renormalization scale dependence of this constant is needed in the DSE for the solution to reproduce the correct scale dependence asymptotically. Not so, however, a possible cutoff dependence of Z 1 (from g 2 0 ) which cannot be removed from equation (15) consistently [5] . Substituting in Z 1 the cutoff scale by the integration momentum y by using
1−3δ takes care of the scale dependence of Z 1 without introducing an additional divergence. While this manipulation leads to the correct scaling limit for the gluon propagator [5] , it might give indications towards possible improvements on the truncation and approximation scheme. It also allows to remove the gluon renormalization constant Z 3 from Eq. (15) and the same steps as for the ghost equation yield,
where κ is the exponent (23). Furthermore, a := β 0 g 2 c = F (0) and b is defined through the leading infrared behavior of R(x) → bx κ for x → 0.
Numerical methods

Asymptotic series in the infrared and behavior in the ultraviolett
Eqs. (29) and (30) do not depend on the renormalization scale s = µ 2 /σ. This implies that the functions F (x) and R(x) are renormalization group invariant. In particular, the scaling behavior of the propagators follows trivially from the solution for the non-perturbative running coupling.
Following the method used to obtain our previous solution to the gluon DSE in Mandelstam approximation we are going to expand the functions F (x) and R(x) in the infrared in terms of asymptotic series. Due to the nature of the coupled set of equations a recursive calculation of the respective coefficients is considerably more difficult than in Mandelstam approximation [3, 1] . For x < x 0 where x 0 is some infrared matching point, the asymptotic series to at least next-to-leading order is used in obtaining iterative solutions for x > x 0 . The matching point x 0 has to be sufficiently small for the asymptotic series to provide the desired accuracy. On the other hand, limited by numerical stability, it cannot be chosen arbitrarily small either. This leads to a certain range of values of x 0 for which stable solutions are obtained with no matching point dependence to fixed accuracy. The additional inclusion of the next-to-nextto-leading order contributions in the asymptotic series has no effect other than increasing the allowed range for the matching point as we will show below.
We proceed further by noting that the equation for the ghost propagator, Eq. (29), can be converted into a first order homogeneous linear differential equation for R(x) by differentiating Eq. (29) with respect to x:
The gluon equation, Eq. (30) can be rewritten as
where we have used that
It follows from the leading infrared behavior, i.e., F → a and R → bx κ for x → 0, and Eq. (29) that an asymptotic infrared expansion of the l.h.s. of Eq. (32) has to contain powers of x κ as well as integer powers of x in subsequent subleading terms. This motivates the following Ansatz,
C lmn x mν+3nκ+l(1+2κ) (34)
with C 000 = D 000 = 1. The terms proportional to x ν in these expansions are allowed to find the most general subleading behavior compatible with the consistency in the infrared. Below we will see that ν ≃ 2.05. Using 2 < 3κ < 1 + 2κ 3 one finds that different orders in this expansions do not mix in their successive importance at small x. Furthermore the leading infrared contributions are analytically evaluated and explicitly subtracted from all integrals, assuming that the remaining contributions are integrable for x → 0. For the subleading contributions to R and F suppressed by powers of x ν with ν ≃ 2.05 this is justified a posteriori.
Inserting the series (34) and (35) into Eq. (31) allows to relate the coefficients C lmn to D lmn . In the solution of Eq. (31) the integration constant is set to b.
In the order N = 1 one thus obtains:
At higher orders in N this procedure recursively yields relations that uniquely determine the coefficients C lmn in terms of the coefficients D lmn . Further relations are obtained from Eq. (32) by expanding all ratios of R and F which occur with dependence on x and y, and by comparison of the respective orders, O(x mν+(3n−2)κ+l(1+2κ) ) on both sides. To leading order N = 0,i.e., O(x −2κ ), from Eq. (32) one obtains
With a = β 0 g 2 c = ((9/44)(1/κ − 1/2)) −1 this is nothing more than our previously used Eq. (23) which determines κ. At order N = 1 Eq. (32) yields
with
Eqs. (36) and (38)- (41) determine the coefficients D and C to lowest nontrivial order. They decouple into three times two equations for each pair (C lmn , D lmn ). For (l, m, n) = (1, 0, 0) one obtains
where the constant A is defined in Eq. 
Based on these next-to-leading order results, higher orders, though increasingly tedious, can be obtained recursively by analogous sets of equations. The general pattern is such that the lower order fixes the scales for higher order coefficients. This allows to define scale independent coefficients C and D by extracting their respective scales according to the exponent τ lmn = mν + 3nκ + l(1 + 2κ) of x for a given set (l, m, n),
The scale of the powers of x ν is set by D 010 and we have defined for convenience
i.e., C 010 ≃ 0.0124 and D 010 = −1. We summarize the values of the coefficients C and D for N = 2 in table 2.1. Table 1 Coefficients of the asymptotic expansion for N = 2.
The two parameters b and t are related to the overall momentum scale. After fixing the scale one is still left with one independent parameter. This leads to a scale invariance which can be described as follows: A change in the momentum scale σ (introduced by
We choose the scale without loss of generality such that the positive number b = 1. The parameter t can in principle be any real number including zero. We can find numerically stable iterative solutions for not too large absolute values of t (see below). Furthermore, it can be verified numerically, that a solution for a value of b = 1 for fixed t is identical to a solution for b = 1 and t
. This is the numerical manifestation of the scale invariance mentioned above (for λ = 1/b 1/κ ). Note that under scale transformations (48) the constant A appearing in Eq. (33) trivially transforms according to its dimension, A → A ′ = A/λ, without any adjustments from the way it is calculated:
In Fig. 2 the numerical solutions for F (x) and R(x) for b = 1 and t = 0 at small x together with their respective asymptotic forms to order N = 1 and N = 2 are displayed. The contributions of the order N = 2 in the asymptotic expansion become comparable in size to the lower order at about x ≃ 0.2. As the error in the asymptotic series is of the order of the first terms neglected, this supplies an estimate for the range of x in which the asymptotic expansion can yield reliable results. In the particular calculation described below we used a value of about x 0 = 0.01 for the matching point relating the result of the iterative process to the asymptotic expansion. This is obviously well below the estimated range of the validity of the asymptotic expansion.
As already stated, for intermediate momenta the integral is done numerically. In the ultraviolet limit, i.e. for x → ∞, we have F (x) → 1/ ln x and R(x) → 1 which allows us to alleviate the cut-off dependence in the numerical determination of A. Note that this is the only integral left with the upper boundary being infinity. In Eq. (33) the corresponding integral is calculated using an ultraviolet matching point x 1 and
for sufficiently large x 1 , where Γ(a, x) is the incomplete gamma function.
Similarly to the case of Mandelstam's approximation [1] we calculated all integrals using a Simpson integration routine of fourth order. In order to reduce the numerical errors which can otherwise destroy the convergence we had to use meshpoints equidistant on a logarithmic scale, i.e., dy −→ du y with u = ln y .
Convergence properties are furthemore significantly improved by weighting the iteration: Instead of a full update of the functions with every step we introduced an exponentially distributed weight between the two functions,
where ∆ F is defined by
and with an analogous definition of ∆ R . Here,F i+1 is the preliminary result of the ith iteration step calcualted using the input F i as obtained from the previous iteration. From this, the input for the subsequent iteration is choosen not to be the full newF i+1 but rather
analogously. This increases the stability of the algorithm by suppressing possible oszillations in the iteration.
Numerical results
Most of the numerical results reported here were obtained with the order N = 1 in the asymptotic expansion. We checked explicitely for all cases that no dependence on the matching point exists for 0.01 ≤ x 0 ≤ 0.1 We have calculated F and R for several values in the range −5 ≤ t ≤ 16. At lower negative values the procedure became numerically unstable due to a developing (tachyonic) pole in F (x). The fact that the integral equations for R and F possess a one-parameter family of solutions characterized by t is in fact the reason for the necessity of the infrared expansion up to next to leading order. No stable solution can be found numerically without fixing the leading x-dependence of F (x) at small x by choosing a value for the parameter t. This is a boundary condition to be imposed on the solutions from physical arguments.
In Fig. 3 the numerical results are displayed for different values of the parameter t (all with b = 1). Perturbatively, we expect R(x) to approach a constant value and F (x) → 1/ ln(λx) for x → ∞. The reason we introduced here the constant λ in the one-loop running coupling F is that we fixed the momentum scale in our calculations by arbitrarily setting b = 1. The relation between the scale of perturbative QCD Λ QCD and σ cannot be determined this way. Therefore, we set Λ Λ QCD in 250 ∼ 300MeV [5] . The solutions for t = 0 display a qualitatively similar behavior at high momenta with slightly different values. The solutions for positive values of t seem to have more residual momentum dependence in R at high momenta than those for t ≤ 0. For negative values of t the running coupling, α S (µ) = F (s)/(4πβ 0 ), has a maximum, α max > α c , at a finite value of the renormalization scale s = µ 2 /σ. This is because the dominant subleading term of the running coupling in the infrared is determined by t,
With ν ≃ 2.05 < 3κ < 1 + 2κ and D 001 < 0, it is clear that for t < 0 the running coupling increases for smallest scales close to µ = 0 before higher order terms dominate. There necessarily has to be a maximum α max > α c at some finite scale µ for any solution with t < 0.
For t ≥ 0, α c = α(µ = 0) is the only maximum of the running coupling for all real values of the renormalization scale, and α c is thus a true infrared stable fixed point. Comparing the behavior of the resulting gluon and ghost renormalization functions in the ultraviolet we observe that, for the t ≥ 0 solutions, the case t = 0 yields the best resemblance of their one-loop anomalous dimensions. We therefore interpret the case t = 0 as the most physical one and conceive the existence of solutions for t = 0 as a mathematical peculiarity.
In reducing the DSE for the gluon propagator to a one-dimensional equation we had to dismiss the contribution (16) in order to avoid an artificial singular contribution. To asses whether this is justified we calculate the contribution from (16) without the one-dimensional approximation from the gluon and ghost renormalization functions as obtained from the iterative scheme, i.e., from the one-dimensional integral equations. In Fig. 4 the inverse gluon function is displayed as a measure of the terms retained on the r.h.s. of the one-dimensional equation (15). This is to be compared to the neglected contribution (16) as calculated from the selfconsistent results. One clearly observes that the dismissed contribution remains small at all momenta and becomes negligible for small and large momenta quickly. Although, in principle, even small contributions might become important in non-linear self-consistency problems this is rather convincing support for the omission of the terms in (16) to which the one-dimensional approximation cannot be applied.
Conclusions
We have solved a set of two coupled non-linear integral equations. These solutions involve functions which are highly singular in the infrared. The corresponding infrared behavior has to be treated analytically by converting the integral equations into recursion relations for the coefficients of asymptotic expansions. The final numerical solution is obtained by matching the asymptotic expansions to an iteration process used for momenta above the matching point.
The numerical algorithm described here was used in the solution of the coupled gluon-ghost Dyson-Schwinger equations reported in Refs. [5, 6] for the first time. The resulting gluon and ghost propagators displayed a new type of infrared behavior involving irrational exponents of the momenta. This generic type of DSE solutions for gluon and ghost propagators of the same qualitative form has been verified recently using a different truncation scheme and differ-ent numerical methods [10] . We therefore believe that the algorithm presented here will prove useful in further studies of Dyson-Schwinger equations also.
Description of the program
The main program
After defining the variables and setting the parameters κ, ν, a etc. and the matching points x 0 and x 1 the functions F (x) and R(x) are initialized to
and R(x) = 1 + (x − 1)e −x .
The iteration process consists of several parts. The first is the evaluation of the constant A (see (33) and (50)) using the functions determined in the previous iteration step. Hereby Eq. (50) is used for large momenta. Next, the contributions to the gluon and ghost equations due to the infrared region is calculated using the expansion in the asymptotic series. In the intermediate momentum range the integrals above the infrared matching point are computed numerically with the help of an Simpson routine of fourth order using the mesh defined by Eq. (51). Application of Eqs. (52) to (54) completes the iteration step.
Convergence is tested by comparing the input and output functions of an iteration step pointwise. If the maximum relative deviation is less than EPS it is assumed that convergence is achieved, and the result is written to the file gluonghost.out in three-column form: x, F (x), R(x).
Subroutines and functions
Function Simpson
Returns the integral of a function which is given at equally spaced abscissas. As far as the number of abscissas is sufficient this function uses a closed Simpson rule of order 1/N 4 [13] .
Function Gamma This routine returns the incomplete gamma function Γ(a, x) using a continued fraction as described in [13] .
Testing the program
Naturally, trivial tests establishing the independence of the number of meshpoints, the infrared matching point x 0 , the ultraviolet cut-off x 1 and the order of the asymptotic series in the infrared have been performed. We could also verify that the results are independent of the initializing functions chosen at the beginning. 
